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Abstract: Integral expressions for positive-part moments EX^ (p > 0) 
of random variables X are presented, in terms of the Fourier-Laplace or 
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1. Introduction 

In a number of extremal problems in probability and statistics (see e.g. [TTl [121 
[iHlEOliaiEailliaialEaEllESlllligi^ needs to evaluate the positive-part 
moments EX^ of random variables (r.v.'s) X, where := V x = max(0,a;), 
the positive part of x, and a;^ :— for any x G M and p > 0. 

In particular, an effective procedure was needed in |26| to compute E X^ 
for p — S and r.v.'s of the form X — ,j2 + ylli,2/y2, where a,b,y are posi- 
tive real numbers, /i G M, r^_(j2 and 11^2/^2 are independent r.v.'s, T^ ^^ has 
the normal distribution with parameters /i and a^, and 11^2 /j,2 has the Poisson 
distribution with parameter b'^ /y'^. For purely normal r.v.'s X (without the Pois- 
son component) such a computation is easy. However, the naive approach, by 
the formula E(r^_a2 + yIlb2/y2)P_ = J2jLo ^(^p.,a'' + yj)+ Pi^b^/y^ = j) did not 
work well, especially when y is small. On the other hand, the series of the form 
^fLo 6"'^ P(n62 /y2 = j) (which is the Laplace-Fourier transform of the Poisson 
distribution) is easily computable. Therefore, a natural idea was to perform a 
harmonic analysis of the function K 9 x i— ^ fpi^) ■— This can be easily 
done by finding its Laplace-Fourier transform. Then, once the function fp is 
decomposed into harmonics (i.e., exponential functions x i-> e^^ for z G C), one 
almost immediately obtains a general expression for the positive-part moments 
of a r.v. X in terms of the Laplace-Fourier transform of the distribution of X, 
as provided indeed by Theorem [1] in this paper. Such expressions turn out to 
be computationally effective, as well as the ones in terms of the characteristic 
function (c.f.) R 9 t Ee**'^ that are obtained as corollaries. Theorem [2] of this 
paper provides a necessary and sufficient condition for such a representation. 

A subsequent literature search has revealed only one paper. Brown [8^, that 
contains formulas for EX^ in terms of the c.f. of X. However, the constant- 
sign argument used in [S] does not actually seem to work for p G (0,2). The 
results in [S are based on the method developed by von Bahr (25| to express the 
absolute moments E \X\p in terms of the c.f. of X. Other papers containing such 
expressions for absolute moments include OHll^; see also [HI §§1.8.6-1.8.8] 
and [H §11.4]. 

As was explained, our approach differs from the previous ones. We begin with 
expressions of positive-part moments in terms in the Fourier-Laplace transform 
z E e^^ with IHe 2; 7^ 0, and then use the Cauchy integral theorem to express 
E X^ in terms of the c.f. oi X. It should be clear that expressions for the absolute 
moments will follow trivially from expressions for the positive-part moments. 

2. Results 

Let X be any r.v. Let Si and S2 be any real numbers such that Si ^ ^ S2 and 
E e"-^ < 00 for all s G [si, S2]. Let p be any positive real number, and then let 

k k{p) Ip\ and i £{p) \p~l], 

respectively the integer part of p and the smallest integer that is no less than 
p—1, so that k^p<k + l,£<p^£+l, and £ ^ k. For all complex z and all 
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m — —1, 0, 1, ... , let 

m j m 2j 

e„(z) - E ^' ^^^W := (-l)'"^^ ( cos z - ^(-1)-'' fW) ' 

m 2j + l 

.2^+1 iz) := (-1)™+^ ( sin . - E(-l)^' (^^) > 

with the convention X^jio "^i ^'^y ^'^^^ e_i(z) = e^, 0-2(2;) = 

cosz, and s_i(z) = sinz. For any complex number z = s + it, where s and t are 
real numbers and i stands for the imaginary unit, let IHez :— s and 3m z := t, 
the real and imaginary parts of z. 

In this paper, we shall present a number of identities involving certain in- 
tegrals. For the sake of brevity, let us assume the following convention (unless 
specified otherwise): when saying that such an identity takes place under certain 
conditions, we shall actually mean to say that under those conditions the cor- 
responding integral exists in the Lebesgue sense (but may perhaps be infinite) 
and the identity takes place. 

Theorem 1. For any s G (0, S2] o-nd any j = —1, 0, . . . , ^ such that E < 
00, 



r (p+l) Ee,((s + zt)X ) 

27r [s + zt)P+i 



TT Jo [S + it)P+^ ^ ' 

Remark 1. Of course, the statement of Theorem [T] is devoid of content in the 
case when S2 — 0. As for the condition E \X\^+ < 00, here we use the convention 
0*^ := 1 (any other real number in place of 1 would do here as well), to interpret 
when X ^0 and j £ {-1, 0}. So, the condition E \X\^+ < 00 will trivially 
hold if j e { — 1,0}. On the other hand, if j > 1 (and hence p > 1), then the 
expression Eej[{s + it)X) under the integrals on the right-hand sides of ([T]) and 
([21) would lose meaning without the condition E \X\^+ < 00. 

Corollary 1. If p E N and E\X\p < 00, then for any s £ [si,0) and any 

p\ f°° Eei((s + it)X) 
EXl^EXP + / r-rr^di 3) 

pl f°° E e,- ( (s + it)X) 
= EXP+- / . . ' ' dt. 



(s + it)P+i 



Corollary 2. // E \X\p < 00 then 
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In particular, one has the following: for any m G N such that E < oo, 

Exr.i4!^+e^f (5) 

for any to G N such that E < oo, 



+ 2 TT ./n t2"' ^ ' 



Corollary 3. //i^ is another r.v. then 

rfn+1) £ itx _^ itY 

provided that E \X\p + E \Y\p < oo and EX^ = EY^ for all j = 1, . . . , k. 
Moreover, one has the following: for any to G N 

(2to)! EsintX - EsiniF 



E xr = EYr + i-ir ^ — — (s) 

if E + E < oo and E X^^+^ = E F^J+i for all j ^ 0, . . . ,m - l,m - ^; 
for any to G N 

.2m-l _ c..2m-l , , ,ym (2™ ^ 1)! ^ COS - E COS 



EXf'-' - EF^"-^ + (-1)" ^ / — dt (9) 

i/E|X|2"'-i + E|y|2"'-i < oo andEX^J = EF^j aZZ j = 0, . . . , to- 1, to- i. 

For any r.v. X as in Corollary [51 it is always possible (and easy) to construct 
a r.v. Y as in Corollary |3] such that the characteristic function E e**^ , and 
hence its real and imaginary parts EcosiF and EsintF, are easily computable. 
In particular, one can always take y to be a r.v. with finitely many values; 
more specifically, k + 1 values would suffice for ([7]) and to + 2 values for ([5]) or 
© . An obvious advantage of the formulas given in Corollary [3] (over those in 
Corollary [2|) is that the corresponding integrals will converge (for p > 1) faster 
near oo, and just as fast near 0. Also, Corollary [3] will be just one step closer 
than Corollary [5] to possible applications to the convergence of the positive-part 
moments in the central limit theorem; see Example 3] in Section [3] for further 
details. 

Remark 2. If EA"^ < oo for an even natural p ~ 2m, then it is clear that 
identity (U) (or, equivalently, ([S])) cannot hold without the condition E \X\p < oo, 
since one needs the moment E X'^ = E X^ on the right-hand side of (UJ to exist. 
Similarly, if EA^ < oo for an odd natural p = 2m — 1, then identity (j4| (or, 
equivalently, ^) cannot hold without the condition E \X\p < oo. 

However, if p > is not an integer, the term l{p G N} on the right- 
hand side of ([31 disappears. One may then wonder as to what, if any, moment 
condition on the left tail of the distribution of A is needed in order for identity 
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to hold - having in mind that the finiteness of the positive part moment E X'^ 
depends only on the right tail of the distribution of X. Perhaps surprisingly, it 
turns out that a left-tail condition is necessary for Q , even if the integral in Q 
is allowed to be understood as an improper one (at 0); moreover, the moment 
condition E \X\p < oo in Corollary [2] can be only slightly relaxed, even when p is 
not an integer. Actually, one can obtain a necessary and sufficient condition for 
such a representation of the positive-part moment in terms of the characteristic 
function, as described in the following theorem. 

Theorem 2. Take any p e (0, oo) \N and any r.v. X with EX^ < oo. Then 
the following two conditions are equivalent to each other: 



(II) P(X_ > x)= o{l/xP) as x^oo. 

Here and in what follows, a;_ := for all a; G M; also let x^ := {x-Y- 

Note that the part E|X|^ < oo of condition (I) of Theorem [2] will trivially 

hold if < p < 1 (and hence ^ = 0). On the other hand, if p > 1 (and hence 

£ ^ 1), then the expression Eei{itX) in condition (I) of Theorem [5] would lose 

meaning if E = oo; cf. Remark [TJ 

Note also that, if condition (II) or, equivalently, (I) of Theorem [5] holds, then 

EXa < oo for all r e (0,p). Indeed, condition (II) of Theorem [5] implies 



ex: = /(Trx'-i P(X_ > a;)da; = Od^rx"^-^ (1 A x-P) dx) < oo. (10) 



On the other hand, it is easy to give examples where condition (II) of Theo- 
rem[5]holds, while EXP_ = oo, and so, Corollary[5]is not applicable; for instance, 
take any r.v. X such that P(X_ > a;) = l/{xP\nx) for all large enough x > 0. 

In view of Corollary [2] and Theorem |21 for the identity to hold for a given 
p € (0, oo) \ N (with the integral understood in the Lebesgue sense) and a r.v. 
X with EX^ < oo, it is sufficient that EX^ < oo and it is necessary that 
EXa < 00 for all r e {0,p). 

Yet, no "simple" necessary and sufficient condition for (|4|) to hold - in the 
Lebesgue sense - for a given p G (0, oo) \N appears to be known; it is apparently 
an open question whether such a condition exists at all. However, one can see 
that condition (II) of Theorem [5] is not sufficient (although, by Theorem [21 it 
is necessary) for (jj]). Indeed, for any p G (0, oo) \ N, there exists a r.v. X with 
E X^ < oo such that the two equivalent conditions - (I) and (II) - of Theorem [2] 
hold, while the integral 5He ^ dt does not exist in the Lebesgue sense. 

For instance, one can consider 

Example 1. The idea is to take a r.v. X with a lacunary distribution and 
then construct a matching lacunary set A C (0, oo) such that the integrand 
is of constant sign and large enough in absolute value for t £ A. 
Take indeed any p G (0, oo) \ N and let X be a discrete r.v. such that, for some 
d € (1, oo), one has P{X — — rf") = ^^^^^ for all n G N, where c is the constant 
chosen so that X^kgn ^(-^ = — d") = 1. Then it is easy to check that condition 



(I) ElXl*^ < oo and 
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(II) (and hence condition (I)) of Theorem [2] holds. Moreover, = a.s., and 
so, EX^ < oo. Further, one can show that there exist some d — d{p) > 1, 

e = e{p) e (0, 1 - l/d), and m = m(p) e N such that (-1)™ 9le ^^0^ ^ 

for edit e A := U^^it^^ J^l' whence {^ly^ J^mc^g^^ dt = oo. For 
details, see [571 Proposition 2.6 and its proof]. □ 

Theorem [2] and Example [1] are similar in spirit to a number of known if- 
and-only-if conditions and counterexamples, respectively; those results in the 
literature mainly concern such simpler relations as the ones of the tails/moments 
of the distribution with the derivatives of the characteristic function at (but 
also with other linear functionals of the c.f.) - see e.g. [131 [301 UHl 111 E] • Ibragimov 
|15j provides necessary and sufficient conditions - both in terms of (truncated) 
moments/tails and the c.f. - for rates 0{n^P) in the central limit theorem to 
hold; cf. Example m in the next section. 



3. Applications 

Here let us give examples of known or potential applications of identities pre- 
sented in Section 121 

Example 2. Let Xi,. . . ,X„ be independent r.v.'s such that Xi ^ y for some 
real y > and EX^ ^ 0, for all i. Let S := Xi + ■ ■ ■ + X„ and assume that 
EXf ^ for some real a > 0. Also, let e := ^ X^i ^(Ai)'^, so that 
< e < 1. In the paper ^25^, mentioned in the Introduction, an optimal in a 
certain sense upper bound on the tail P{S ^ x) was obtained, of the form 

Pi.,.) ^'<"-'-'^- 



where x rj :— T(^i_^-j„2 + yll^cr^/y2; T(^i_^)cr^ and n^cr^/ya are any indepen- 
dent r.v.'s whose distributions are, respectively, the centered Gaussian one with 
variance {1 — e)a^ and the centered Poisson one with variance ecr^/y^; G K is 
the only real root of the equation m{tx) = x; and m{t) := t+E{r]—t)^/ E{r]—t)'^. 
Thus, to compute the bound Pin(a;), one needs a fast calculation of the positive- 
part moments of the r.v. X := rj — t. While the direct approaches mentioned in 
the Introduction do not work here, the formulas of Theorem [H and Corollary [51 
prove very effective, since the Fourier-Laplace transform of the r.v. rj — t is given 
by a simple expression: 

Ee'^"^*) =exp{ (l-e)a^+ ea^} Vz e C. (11) 

It takes under 0.5 sec in Mathematica on a standard Core 2 Duo laptop to 
produce an entire graph of the bound Pin(a:) for a range of values of x using 
either P or (g]). 

Example 3. As pointed out by a referee, positive-part moments naturally arise 
in mathematical finance. For example, {S ~ A)_|_ is the value of a call option 
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with the strike price K when the stock price is S. Exact bounds on E(iS' — K)^ 
under various conditions were recently given in |10] . 

Example 4. Just as it was done in [5] for absolute moments, the identities 
given in Corollary |3] could be used to prove the convergence of the positive-part 
moments in the central limit theorem, or even to obtain bounds on the rate of 
such convergence. However, we shall not be pursuing this matter here, since the 
main motivation for the present paper was the need for an effective computation 
of the bound Pin(x), as described in Example [2J 



4. Proofs 



For any two expressions a and b, let us write: a ^ 6 or, equivalently, 6 a if 
\a\ ^ Cb for some positive constant C depending only on p; a x b if ah > 0, 
a ^ b, and b ^ a. 

Let us also write a << b (to be read "a is much less than 6") or, equivalently, 
b >> a ("6 is much greater than a") if > and \a\ — o{b). Accordingly, 
if A is an assertion and a > 0, then "A holds if a << &" will mean "for all 
p € (0, oo) \ N there exists some constant K = K{p) > such that A holds 
whenever \a\ < b/K", that is, A will hold "eventually". Similarly, "if a << b 
and A holds, then oi << 6i" will mean "for aU p e (0, oo) \ N and all Ki > 
there exists K = K{p,Ki) > such that one has the implication 'if \a\ < b/K 
and A holds, then |ai| < bi/Ki ". 

Also, let us write a ^ 6 if a/6 — > 1. 

Proof of Theorem [H Note that ^ immediately follows from ^ , since the in- 
tegrand in (j2| is even in i g R. Note also that dz = for all j = 0, . . . , £ 
and s 7^ 0, where Cs := {z £ C: d\tz — s}. So, it is enough to prove ([T]) with 
j = —1. The key observation here is the following: for any a: € R and any 
complex number z = s -\- it with s := fHe z > 0, 



e'-"" {x-u)\Au^ / e^"(x-u)Pdu 



r(p + i) 



this is obvious for real z > 0, and then one can use analytic continuation. Thus, 
for each s £ (0, oo) the Fourier transform R 3 i i — > e**" e'*" (a; — u)^ du 
of the integrable function R 9 m i — > e*" {x — u)'J_ is the function R 3 t i — > 
(s+i()p+i I which is integrable as well. So, by the inverse Fourier trans- 
form, one obtains ((TJ (with j = —I) with the real constant x in place of the r.v. 
X. (Equivalently, one can use here the Laplace inversion.) Now ((TJ follows by the 
Fubini theorem, since E | ^^_)_|^^p+i | = (g2^_t2')(p+i)/2 for all s > and t eR. □ 

Proof of Corollary]^ Here, just as in the proof of Theorem [1] without loss 
of generality (w.l.o.g.) j = —1. Consider first the case when S2 > 0. W.l.o.g., 
si < 0. By the convexity of Ee^^ in s, one has | ^s+ity+^ I ^ ^ 
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for all s G [si,S2] and all i 7^ 0, so that J^^ | ""[^pitjiri"^ | ds as \t\ — >■ 
00. Hence, by the Cauchy integral theorem and the continuity of the integral 
^i^) I^oD ^s+il)p+^ '^^ ^ ['^1' ''2]i the difference between the value of I{s) 

for s G (0, S2] and that of I{s) for s e [si, 0) is i ffn" ^-^j where is the 
circle in C of radius e centered at and traced out counterclockwise, provided 
that e e (0, si A 52)- So, ^ (in the case when S2 > and with j = —1) follows 
from (HD by taking e i 0, since e^-^ = e^"^^ + Oi\zX\P+^e^\^^) over z e C^; 
recall that here it is assumed that p e N. 

Assume now that S2 — (and, again, j = —1). Then, by what has just been 
proved, one has 1^ for any s G [si, 0) with X A in place of X, where N is 
any real number. By the dominated convergence theorem and in view of the 
condition E\X\P < 00, one has E{X A A)^ ^ EA^ and E(A A N)p EXp 
as A cx). To complete the proof of Corollary [U it remains to use again the 
dominated convergence theorem, in view of the inequalities | ^'^(■g^.^^-jp+i — | ^ 

^s2Sj(p+iU2 and e''(^^^) ^ 1 + e'^^ for all A^ > 0, s G [si, 0), and t e R. □ 

Proof of Corollary\^ Let us first prove identity ^ in the case when the r.v. 
X takes on only one value, say x G K. For any e > 0, consider the integration 
contour C := {it: t -e} U C+ U {it: t ^ e], where C+ := {z e C: \z\ = 
e, d\tz > 0}. Then, by ([TJ (with j = — 1) and the Cauchy integral theorem. 



r(p + 1) + Jc 2^+^ Jc 



because j|+t dz = for all j = 0, . . . Next, eg{zx) = jf+Ty.^^'^^ 
as 2; — 0, and so. 



p+i (^+1)! yc+ zp- 

I{peN} + 0(£^-P+i(I{p^N} + £)) 



(^+1) 



as e I 0. This and (HH) imply 

^''rr Ml r(p+l) /"^ e£(ita; 



.,^-l{peN}+^ y^^^e^d, (13) 

since the latter integrand is even in t G R. 
Next, observe that 

\eiiiu)\<\u\^ A\u\^+' (14) 



over all w G M, and so, for all x G R 

dt^Ci\x\P, (15) 



et{itx) 
{it)P+^ 
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where ce :— I (!«)"+ 1 1^^ < oo for p e (0, oo) \ N. Therefore, (H]) follows from 
(fT3|) by the Fubini theorem - provided that p £ (0, oo) \ N. 

The case p € N is treated quite similarly. Namely, ii p = 2m for some m S N, 
then 9le jS0l ^ '''^2^+1''^ for all x € M and t > 0, and so, © follows by the 
Fubini theorem from p^ . the estimate |s2„i_i(u)| ^ A for all 

u G E, and the condition EX^™ < oo. li p = 2m — 1 for some to G N, then (|6| 
similarly follows using the estimate |c2,„-2(u)| ^ jup™"^ A for all u G M 

and the condition E IXp"*"^ < oo. □ 

Proof of Corollary This immediately follows from Corollary [21 applied the 
r.v. Y, as well as to X. (Note that k ~ p and lifpGN, and A; = ^ if 

pin.) □ 

Proof of Theorem\^ Step 0. Take indeed any p G (0, cxd) \ N and any r.v. X 
with EX^ < oo. Recalling (fTO|) . note that either one of the conditions (I) and 
(II) implies 

E|X|^<c5o. (16) 



Step 1. For v ^ 0, let 



oo 



ei{- iu) 
{iu)i- 



I{v):^Ip{v):^ I mc^^^^du. (17) 



This definition is correct, since the integral exists in the Lebesgue sense, in view 
of estimate (fTi)) . Note that 

/p(0) = 0; (18) 

this is a special case of (|4]), with X = —1 almost surely (a.s.). In turn, ([T8|l 
implies 

Step 2. At this step, let us prove that if p G (0, 1) and v G (0, cxd), then 

Ip{v) > 0. (20) 
Take indeed any p G (0, 1). Then i = 0, and ([T7| and (fT9|) can be rewritten as 

/w^f PI) 

"■5i(l±4^a„ (22) 

for aU V > 0. Observe next that vP'^'^r{v) = sin(^ + v) - sin ^ for all v > 
0, whence the only local minima of / in (0,oo) are at the points 27r,47r, . . . . 
Therefore, and because of ((T5)) and the obvious equality I{oo—) = 0, to prove 
(PU]) it suffices to show that /(2j7r) > for aU j G N. 
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Using (PT|) and (twice) applying the Fubini theorem, for ah j G N and q £ N 
such that j < q one has 



2-?- sin(^ + 2j^) - sin(^ + u) 



I{2jtt) - I{2q7r) - / '-^^ du 



dt cos { — +t 



di cos — + t 



^2 y uP+i 
' di cos -f + r ' 



p V 2 J \tP {2q^)P 

1 /■^"'^ , flip \ I 
' di cos -f + i ^ 



P J2j-K 



V 2 / <P 



^ ^ dt cosf^+i] / 7iP-ie-*"di 



pr(p) y^,. V 2 



'r(p 



^— / uP-^ du I dt cos f ^ + t) e-*" 



1 /-oo sin ^ - ?/ cos ^ 

1 / ^p-ism^ ^|^(e-2.-_e-2«ndu; 



r(p + 1) Jo 1 + -"^ 

letting now g — > oo and using again the equality /(cxd— ) = 0, by the dominated 
convergence and a comparison of the integrands one obtains 

^ ' r(p + i) 7o 1 + "' 

^r(p+l)io l + tan2f 

{2jTi tan ^£ - p) cos^ ^£ (j^2 _ ^^gS ^ 

(2j^)P+V " (2»J'+i ' ^ ' 

which completes the proof of ([20)) . 

5tep 5. Still assuming that p 6 (0, 1), it follows from ^ that /(2j7r) ^ 

— — (-2j^)p+i — ^ ^ over all j G N. Next, for every j G N, the only local minima 
oil on the interval [2j7r, (2j + 2)7r] are the endpoints; so, I{v) ^ J(2j7r) A/((2j + 
2)7r) > > v~P over all w G [2jiT, (2j + 2)7r] and all j G N. That is, I{v) > v'P 
over all v G [27r, oo). On the other hand, by (dH), ^ i?FT ^ '^"^ 

over all v G (0, cxd). Thus, I{v) x ti~P over all v G [27r, oo). 

Yet on the other hand, by ([22]) . /(u) x du >; over all u in a right 

neighborhood of 0. 

Also, Ip is obviously continuous on (0, oo). So, in view of ([20)) . for each p G 
(0,1), 

Ip{v) X v'P{v A 1) over aU w > 0. (24) 
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Step 4- Here, let us show, by induction on £, that for each p e (0, oo) \ N 
{-lYjp{x,v) X v-P{ivxY+^ A {vxY) (25) 
over all w > and x > 0, where 

Mx,v):= J^^mz^jy^dt = xPIp{vx) (26) 

for all V > and x ^ 0. For £ = (that is, for p G (0, 1)), (1^ is equivalent to 
. Assume now that £ ^ 1 and (f25|) holds for ^ — 1 and p—l instead of £ and 
p, respectively. Then, by and Fubini's theorem, for all w > and a: > 



{-lYjp{x,v)^{~lY-^ / Jp^i{u,v)du 

(27) 

w-(f-i)((TO)^ A (vuY-^) du = v-PJiivx), 



where Je{t) := Jq{z^ A ^)dz for i > 0, so that Je{t) x t^^-^ over all t in a 
right neighborhood of 0, Je{t) >; over all i in a left neighborhood of oo, and 
> on (0, oo). Therefore, J(>{t) x t^+i A t*" over all t > 0. This and ^ yield 
(123. 

S'tep 5. In view of (I26p and since ei{itx) = ei{itx+) + ei(—itx^) for all real 
t and X, one has 

I ""'li^^'-l ^^^ip^'i^ + EJ,(X_,.) (28) 

for all u > by Fubini's theorem, which is applicable because of (fT4|) and 
(fT6|) . By (j4| with in place of X, the integral on the right-hand side of (fSSj) 
converges to p^^^^^^ EX^ as w J, 0. 

So, condition (I) of Theorem [5] is equivalent to EJp{X^,v) — > as u J, 0, 
which in turn is equivalent, by to v^p E {{vX^Y^^ ^ (vX- Y) ^ as u J. 
and then to 

^ ^i+i j^^^ <:x} + xP-^ E X^_ > x} 0. (29) 

a:— ^oo 

Step 6. Here we complete the proof of Theorem [5] by showing that its con- 
dition (H) is equivalent to (Cf. pF, Lemma 1] and [El Lemma 11.2.1].) 

Indeed, P(X_ > x) < x-^EX'L > a;} for all a; > 0, and so, ^ does 

imply condition (II). 

Vice versa, suppose now that condition (II) holds. Then for any e e (0, 1 — 
-f^) and all real a; > 1 

/•oo 

E Xi+i a} = E / (^ + l)y^ I{y < X_ } dy < x} 

Jo 

^ f {£ + l)y' P(X_ >y)dy 

{£ + I)/ dy + o( r(£ + l)y' \dy) = o(a^+i-^') 
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as x oo. Also, for all a; > 



poo 

EXi >x}^E / I{y <X^}dy > x} 

Jo 

1*00 

= / P(^- > a; V2/)dy 

Jo 

= / V^My P(X_ >x) + P(^- > 2/)dy 



as X ^ Qo. So, condition (II) implies (P^)) . This completes Step 6 and thus the 
entire proof of Theorem [2l □ 
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